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Review — Chapters 5 and 6
Detailed solutions
Mohamed Nouidha

Part A — Matrices

Exercise A1 ISR * Building and classifying

(a) Substitute each position (4, j) in the rule:

2 =3 4 0 -1 -2
A=|-3 4 =5, B=11 0 -1
4 -5 6 2 1 0

For instance a;o = (—1)3(3) = =3, as3 = (—1)5(6) =6, b33 =3—1=2,

A is symmetric: the rule only depends on i + j, and i + j = j + i, so a;; = (—1)77(j +
i) = a;;. A is not antisymmetric: an antisymmetric matrix has a zero diagonal, but
ayp = 2 7£ 0.
B is antisymmetric: b;; = j —i = —(i — j) = —b;; for all 4,j. B is not symmetric:
612 = —1 but b21 =1.

(b) e Mj: square, diagonal, scalar (3/5), upper triangular, lower triangular, symmetric. Not

antisymmetric (nonzero diagonal).

e M,: square, antisymmetric (mg; = —mis = —2, mg; = —my3 = 1, Mgy = —Mma3z = —4,
zero diagonal). Not symmetric, not triangular, not diagonal.

e Msj: square, lower triangular (every entry above the diagonal is 0). Not upper triangular
(mg1 =4 # 0), not diagonal, not symmetric (mg; = 4 # mqy = 0).

e M,: 3 x 2, not square: none of the words apply (diagonal, triangular, symmetric and
antisymmetric are defined for square matrices only).

e Ms;: square, diagonal, hence upper and lower triangular, and symmetric. Not scalar
(the diagonal entries 2, —1,0 are not all equal), not antisymmetric.

Exercise A2 x  Fquality

S is symmetric when ST = S| that is s;; = s;; for each pair of positions off the diagonal:

S12=591: a+b=4, S13 = 831 : 3 = a, So3 = 832 1 € = D.
1 4 3
Soa=3,b=1,c=5,and S= [4 2 5].
350
Antisymmetric: impossible. An antisymmetric matrix satisfies s;; = —s;;, so its diagonal is

zero; here s;1 = 1 and s99 = 2 do not depend on a, b, c.
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Exercise A3 EaYigseyy) +~ Operations and sizes

R Fr i N s B P |

(b) Ais2x3and C'is3 x 2,80 AC' is 2 x 2 and C'A is 3 x 3.

7 0 8

:{1 ‘ﬂ, CA=|-3 -1 —4

(14040 24+2+0
AC‘{ } 15 9

3+0+12 6—-1+4

For example (CA);; = (1)(1) + (2)(3) =7 and (CA)32 = (3)(—2) + (1)(1) = —5.
Different sizes, so AC # CA; but tr(AC) =1+ 9 =10 and tr(CA) =7 —1+4 = 10: the
traces are equal, as tr(AC) = tr(C'A) always.

13
(@(ACV::E ?} W%hCT:[;_i ﬂzmdAT: 91
0 4

ot qr_ [LF0+0 3+0+12] 1 15
24240 6-—1+4 4 9

| = ey

as predicted by the rule (AC)T = CT AT,
(d)

A+ C: not defined (2 x 3 and 3 x 2 are different sizes).
AB: not defined ((2 x 3)(2 x 3): 3 # 2).

ATB: (3 x 2)(2 x 3), defined, 3 x 3.

BC'" (2 x 3)(3 x 2), defined, 2 x 2.

e C?: not defined (C' is not square).

CCT: (3 x2)(2 x 3), defined, 3 x 3.

1 3 5 0 —1 243 049 —-1+6 5 9 5
ATB= -2 1 L_3 2}: —4+1 043 242 |=1|-3 3 4
0 4 0+4 0412 048 4 12 8

Exercise A4 s+ Matriz equations
(a) Isolate X first, compute at the end:

2X 2P+ QT =3X <= X =QT" -2P.

Al Ly R i 1y

(mwmmx_m+gmj[0—ﬂ+[3—ﬂ_ﬁ 6

-2 4 4 1 0 9}_&X/

With inverses. The rule: to cancel a factor, multiply by its inverse on the same side as that
factor, on both sides of the equation.
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(b) AX =C — B. Ais on the left of X, so multiply on the left by A~': X = A~'(C — B).

(
(d
() XA+ X =XA+XI=X(A+1),s0o X(A+I)=B: X=BA+I)"

)

c) XA = B+C. Aison the right of X, so multiply on the right by A™': X = (B+C)A™%.
) AX—-X =B, and AX —X = AX —IX = (A—D)X: (A-DX=B, X=(A-I)"'B.
)

Common mistake

Write AX — X =(A—1)X, not (A—1)X: “A—1" (a matrix minus a number) is not
defined. And X stays on the side where it was: XA+ X = X(A+ 1), not (A+1)X.

(f) Take the inverse of both sides: AX = ((AX)*l)f1 = B~'. Then X = A~'B~!, which is
also (BA)™%.
Check: AX = AA"'B7'= B! so (AX)—1 = (B—l)—l — BV

(g) Left by A7!, right by B: XT = A7'CB. Transpose: X = (A~'CB)T = BTCT(A™ YT,
(Also correct: BTCT(AT)=1 since (A1) = (AT)~1)

With numbers. det M =4 —-3=1,s0 M~ ! = [ 2 _1}

-3 2
2 -1 1 2 2+1 440 3 4
oA 1A _ _ _
(h) X =M N_{—IS 2 -1 0]_[—3—2 —6—|—0}_{—5 —6}'
6—-5 8—6 1 2
Check: MX—[Q_10 12_12]—{_1 0}—N‘/

. 1 2][2 -1 2-6 —1+4] [-4 3
— -1 _ — —

(1) X =NM _{—1 o} {—3 2}_{—%0 1+0}_[—2 1}‘

—8+9 —4+6] 1 2

Check: XM:{_4+3 949 :[_1 O]:N\/

Not the same X as in (h): M~'N # NM~! because the product is not commutative.

-2 1

(j) MX —4X = N, so (M —41)X = N with M —4] = [3 _2

}, det(M —4I) =4—-3 =1,

(M —41)~t = [_2 _1}:

-3 -2
o i |2 1)1 2] [-241 —4+0] _ [-1 —4
X= (M=) N‘{—:& —2} {—1 o}_{—3+2 —6+0]  |[-1 —6]°
-3 -4 —4 —16
Check: MX_[_5 _24}, MX—N_L4 _24}_4)(/

(k) Take the inverse of both sides: X + N = M1, so

e K O B

Check: X + N = {_23 _21} = M~ whose inverse is M v/
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Exercise A5 EeWigeEss ++~ Columns

1 -1 0
Here A= |0 1 3].
2 0 1

(a) As a combination of the columns:

2 2 -1 0 1
All | =2a+1ay—1lag= (0| + | 1| —|3|=|—-2
-1 4 0 1 3

Row times column: (2 —140,04+1-3, 44+0— 1) = (1,-2,3). Same result.
(b) The rows of the system are exactly the rows of A:
1 1

x
Alyl = |-2 and ra;+yay+zag= |—2
z 4 4

(c) AX = x18) + z28s + x3a3, so X = (0,1,0) gives ay, and X = (1,0, 1) gives a; + a.

Exercise A6 EeYageaes) +~~ Powers and trace

(a) Row times column:

00 2-3 00 6
N2=100 0 ]|=1]00 0}, N? = NN = 0.
00 0 000

For N3: the only nonzero row of N2 is (0,0,6), and the third row of N is zero, so every
entry of N2N is 0.

(b) (I+N)2=(I+N)I+N)=1>+IN+NI+N? Since IN = NI = N, this is [ + 2N + N?
(the formula is correct here because I and N commute):

1 00 0 4 2 0 0 6 1 4 8
(I+N)?=1{0 1 0| +1{0 0 6{+1{0 0 0| =1]0 1 6
001 000 000 001
1 21
Check by multiplying [+ N = |0 1 3| by itself: row 1 gives (1, 2+2, 1+6+1) = (1,4,8)
0 0 1
v
4—-1 243 3 5
2 _ _ _ _ 2y _ _
(c) M* = 9_3 _149| = |5 8}’ trM =2+43=5, tr(M*)=3+8=11.

Note: tr(M?) =11 # (tr M)* = 25.
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Exercise A7 ELyideges) *+ Inverses

(a) detA=2—-1=1landdetB=1-0=1:
L1 -1 L1 =2
Sail EUPY e O

: 2 441] J2 05 I 3 -5
First way: AB—[1 24_1}—{1 3],det(AB)—6 5=1,s0 (AB)™! [ 1 }

Second way: (AB)™' = B~'A™! = {(1) —12] [_11 —21} _ {1;2 —1- ] { ]

Same result.

(b) Multiply on the left by A~! and on the right by B™1: X = A™! [(1] ;l] B~1.

T S A e
|

f2—1 042] [t 2 1 242]
Check: AX—L_1 0—1—2}_{0 2}, then (AX)B = [O O—l—Z}_

Common mistake

X =A"'CB !, not A~'B~'C or (AB)~!C" each inverse stays on the side of the matrix
it cancels.

(c) ad —bc=k-k—2-2k =k* — 4k = k(k — 4). The matrix is invertible exactly when k # 0
and k # 4.

Exercise A8 EnUiPEINES *~ Matrices

1 2H2 —4'_{2—2 —4+4

2 4] [-1 2| |4-4 —8—1—8] = O, with both factors nonzero.

(@ False. |

(b) False. (A+B)(A—B) = A*> = AB+ BA — B?, which equals A* — B> only when AB = BA.

Do 0 1 111 -1
Counterexample: A = 0 O}’ B = {O O} Then (A + B)(A - B) = [O O} [0 0} -

1 1 9 54N 10
{O 0} while A — B* = A O—{ ]

0 0

(c) True. (A?)T = (AA)T = ATAT = AA = A% using (XY)T =YTXT and AT = A.
(d) True. AT is 3 x 2 and Ais 2 x 3, s0 ATA is 3 x 3; and (ATA)T = AT(AT)T = AT A.

)
)
(e) False. With A = B = Iy: tr(ly]s) = tr(ly) = 2, while tr(ly) tr(ly) =2-2=4.

(f) True. Let A, B be upper triangular and ¢ > j (a position below the diagonal). In (AB);; =
a;1b1; + aiobej + a;3bs;, each term a;by; is 0: if k < 4 then a;, = 0, and if & > ¢ then k > 7,

so by; = 0. Hence (AB);; = 0 below the diagonal.
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Part B — Systems of linear equations

Exercise Bl Wity ~

The entry in position (1, 1) is 0, so we swap first:

0 1 21 5 11 1 4 11 1 4
11 1) 4 B2y 1 2 5| BEEZML I 1 2] 5
2 3 —-1|-2 2 3 —-1|-2 0 1 —-3|-10
1 1 1 4
eIl 1 2] 5
0 0 —5]—-15
Back substitution: =5z =—-15=2=3; y+23)=5=>y=-1; 2 —-1+3=4=2=2.

Check: —1+6=5v, 2—14+3=4v, 4-3-3=-2¢

Exercise B2 GXWYigEss)

12 -1 1]3 12 -1 13 1 2 -1 13
2 4 —1 4|8| B2 g g 1 oo BTl 0 1 22
12 0 3|5 ™™ M logo 1 2|2 00 00/0

120 3|5

Jhethit g 001 22

0000|0

This is the RREF. Pivots in columns 1 and 3: pivot variables x, x3; free variables 1, = s,
x4y = t. The rows read zy + 225 + 3x4 = 5 and x5 + 224 = 2:

Ty 5—2s—3t 5 —2 -3
To| s 10 1 0
2| = 9 _ 9 9 + s 0 +t ol s,t € R.
Ty t 0 0 1

Check with s =t =0, i.e. (5,0,2,0): 5—2=3Vv, 10—-2=8 Vv, 5=5 V. (And each direction
vector gives 0 in the three left-hand sides, e.g. (—3,0,—-2,1): =34+2+4+1=0, —-6+2+4 =0,
~313=0)

Exercise B3 eyageEs +~ Ranks

(a)

11 1]2 11 1]2 11 12
1 2 3|5 Bt g o3| Bl 1 9 93
9 3 4|g| g 1 94 0001

rank A = 2, rank[ A | b] = 3: the last row reads 0 = 1, so the system is inconsistent: no
solution. Free variables and dimension do not apply (the solution set is empty).
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1 —1]1 1 —1]1 1 —-1]1
2 1 5 Ro+—Ro—2R1 O 3 3 R3(—R3—R2 0 3 3
1 o2f4) TR0 33 0 0]0
rank A = rank[A | b] = 2 = n: consistent, 0 free variables, dimension 0: exactly one

solution. 3y =3=y=1, t=14+y=2: (x,y) =(2,1). Check: 2—1=1, 44+ 1=25,
242 =4 v (three equations, two unknowns, and still exactly one solution).

(c)
2 —1 11| Re<Rs—2R; 2 -1 1|1
4 =2 212 0 0 0]0

rank A = rank[ A | b] = 1, n = 3: consistent, 3 — 1 = 2 free variables, dimension 2: a
plane (both equations describe the same plane). With y = s, 2 =1: 20 =14 s—1, so

(x,y,2) = (%—i—%s—%t, s, t) = (%,0,0) —l—s(%,l,O) +t(—%,0,1), s, t € R.

()

1 11 1|1| R¢Ro-r |1 1 1 1]|1| Re—3R |1 1 1 1 1
1 -1 1 —-1/3 0 -2 0 =22 0101

RicRi-Ry, [10 10 2
010 1|-1

rank A = rank[ A | B] = 2, n = 4: consistent, 4 — 2 = 2 free variables (15 = s, 1, = 1),
dimension 2:

X=(2—s, —1—t s t)=(2,-1,0,0)+s(—1,0,1,0) + £(0,—1,0,1),  s,tE€R.
Check with (2,-1,0,0): 2—1=1v, 24+1=3 v

Exercise B4 @EIN® ++~ Reasoning with the ranks only

(a) The system is consistent (rank A = rank[A | b]) and has n — rank A = 3 — 3 = 0 free
variables: exactly one solution, a single point of R3.

(b) Yes. [A | b] has only 2 rows, so rank| A | b] < 2; and rank[A | b] > rank A = 2. So
= .

rank[ A | b] = 2 = rank A for every b: always consistent, with dimension 4 — 2 = 2.

(¢) There is n — rank A = 4 — 3 = 1 free variable. For each b: either rank[ A | B] = 4, and
there is no solution; or rank[ A | b] = 3, and there are infinitely many (a line). Never
exactly one.

(d) Yes, when rank A = rank[A | b] < 2. Example: 2 +y + 2z = 1, 2z + 2y + 2z = 2,
3r+ 3y + 32 =3, 4x + 4y + 4z = 4: rank 1, a whole plane of solutions.

(e) If rank A = 3, then rank[ A | b] = 3 for every b (3 rows) and the system would always be
consistent. So rank A < 3: there is at least one free variable. AX = 0 is always consistent,
so it has infinitely many solutions, in particular nonzero ones.
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Exercise B5 EeWieges) + The rank theorem

Count the pivots among the columns of A (left of the bar) for rank A, and in all the columns

for rank[ A | b]. If the ranks are equal, there are n — rank A free variables (the columns of A
without a pivot) and the solution set has dimension n — rank A.

n | rank A | rank[ A | b] | consistent? | free variables | dim. | solutions
(a) | 3 3 3 yes none 0 | exactly one (a point)
(b) | 4 2 2 yes T, T4 2 | infinitely many (a plane)
(c) | 3 2 3 1no — — | none
(d) | 3 2 2 yes z 1 | infinitely many (a line)
(e) | 2 2 2 yes none 0 | exactly one (a point)
(f) | 3 1 1 yes T,z 2 infinitely many (a plane)

(a) The last row reads 5z = 0: it is not a contradiction, just z = 0. Three pivots in the three
columns of A.

(b) Pivots in columns 1 and 3, so x;, x3 are pivot variables and xs, x4 are free: 4 —2 = 2
parameters.

(¢) The last row [0 0 0 | 2] reads 0 = 2: the extra pivot is in the bar column, rank[ A | b] =
rank A + 1.

(d) Two zero rows, but only one free variable: the dimension is n — rank A =3 — 2 = 1, not
“the number of zero rows”.

(e) A zero row and still exactly one solution: rank A =2 = n.

(f) The only pivot is in column 2 (the column of y), so x and z are free. The first unknown
can be free.

Exercise B6 RUOpEINESS +~+ The rank theorem

(a) False. Equal ranks only mean that the system is consistent. There is exactly one solution

when, in addition, rank A = n. Counterexample: x + y = 1 has rank A = rank[ A | B] =1
and infinitely many solutions (n — rank A = 1 free variable).

(b) True. The extra pivot is in the last column, so an echelon form contains a row [0 --- 0| ¢]

with ¢ # 0, that is 0 = ¢: no solution.

(¢) True. rank A < 3 (at most one pivot per row, and there are 3 rows), so the number of free

variables is n —rank A > 5 —3 = 2.

(d) True. A line has dimension 1. The system is consistent (it has solutions), so its dimension

isn —rank A = 3 —rank A = 1, hence rank A = 2.

(e) True. [A | b] has 4 rows, so 4 = rank A < rank[ A | b] < 4: the ranks are equal for every

—

b (consistent), and there are n — rank A = 4 — 4 = 0 free variables: exactly one solution.
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(f) True. The solution set of AX = b is a plane, so it has dimension 2 = n — rank A. The
system AX = 0 has the same matrix A, is always consistent, so its solution set also has
dimension n —rank A = 2: a plane (through the origin). The dimension depends on A only,
not on b.

Exercise B7 @aimesms) -+ Homogeneous and non-homogeneous

(a)
1 1 _1 Ro<+Ro—2R; 1 1 _1 Ri<R1—R> ]. O _4
2 3 1 01 3 01 3
rank A = 2, n = 3: one free variable z = ¢; x =4t, y = —3t:

—

h=1t(4,-3,1), teR.

Geometrically: a line through the origin with direction vector (4, —3, 1) (the intersection
of two planes through O).

(b) —24+3—-0=1v and —4+9+0=>5 v: pis a solution. The two systems have the same
coefficients, so all the solutions are

X=p+h=(-23,0)+t4,-31), tek

(c) (6,—-3,2)—(—2,3,0) = (8,—6,2) = 2(4,—3,1): it is the point ¢t = 2 of the formula, so yes.
Substitution: 6 -3 —-2=1v and 12—-9+2=5V

Exercise B8 ayigsEss +~+ Parameters

(a) Pivots without parameter:

1 1 1(1 11 1 1 1 1 1 1
12 |2 B, g 1 g—1| 1| BRI 1 a—-1] 1
2 3 4|b] TR 1o 1 2]b-2 00 3—alb—3
case rank A | rank[ A | b] | solutions
a#3 3 3 exactly one
a=3, b#3 2 3 none (last row 0 =b— 3 #0)
a=3, b=3 2 2 infinitely many: a line

b—3
Case a # 3. 2=g theny=1—(a—1)z, andz=1—-y— 2z = (a — 2)z:
—a

(%,9,2) = <<a _32)—(2_ 2,1-8 _31)—(2_ = gii)
(Check with a =2, b=4: (0,0,1) gives 1 =1,2=2,4=4 V)
Case a = b= 3. The last row is zero; z =t isfree, y=1—-2t, c =1—-—y— 2z =1:
(z,y,2) = (0,1,0) + (1, —2,1), teR.
Check: t+ (1—2t)+t=1, t+2—4t+3t=2, 24+3—6t+4t =3V
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Common mistake

Dividing the last row by 3 — a is allowed only when a # 3; the case a = 3 is read from
the matrix before any division.

(b) The system is homogeneous: it always has 0, and it has a nonzero solution exactly when
there is a free variable. Put the row without & in front first (R <> R3):

11 k 11 k 11 k
1k 1| B g 1| Bt g 1 1k
Eo1o1| MR g 1k 1— k2 0 0 2—Fk—Fk

with 2 — k — k* = —(k — 1)(k + 2).

e k#1and k # —2: three pivots (k —1# 0 and —(k — 1)(k + 2) # 0), rank A = 3: only
0.

1 11
e k= 1: the matrix becomes |0 0 0f, rank A =1, two free variables y = s, z = t:
000

(ZL’,y,Z) = S<_17 170) + t(_]-uo) 1) :

the plane = + y + z = 0 through the origin (the three equations are the same).

1 1 =2
e k= —2: the matrix becomes |0 —3 3 [, rank A = 2, one free variable z = ¢: y = t,
0 0 O

r=-y+2z=1t
(r,y,2) =1t(1,1,1) :

a line through the origin. Check: each equation gives —2t +t+t =0 v

Nonzero solutions exist exactly for £k =1 and k = —2.

Exercise B9 @eadegss) +~~ 1The inverse with Gauss—Jordan

(a)

12 1/100 121 100
01 2/01 0 =, g1 2] 010
13 4[00 1 01 3[-101
12 1] 1 00
Sl lgo1 20 0 10
00 1|-1 -1 1
120 2 1 -1 100[-2 -5 3
Ry R2—2R3 01 0 2 3 -2 M} 010 2 3 =2
-2 —5 3
Al=12 3 =2
-1 -1 1

10
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Check two entries of AA™!: row 1 - column 1 = —2+4—-1=1V; row 1 - column 2

= -54+6-1=0V
(b) X = A 'b:
1 —2-10+9 -3 0 0—-5-3 -8
A2l = 2+46-6 | =2, A1 | =]0+3+2| =15
3 -1-2+3 0 ~1 0—1-1 —2

Check: A(—3,2,0) = (=3+4, 2, =34+6) = (1,2,3) v; A(=8,5,-2) = (—8+10—2, 5—
4, —8+15-8) = (0,1,—1) v

(c) rank A = 3: the left part of [ A | I ] was reduced to I3, which has three pivots. (Equivalently:
a 3 X 3 matrix is invertible if and only if its rank is 3.)

Exercise B10 aigsms ~ Coffee sales

Let s, m, ¢ be the numbers of small, medium and large coffees sold.

s+m -+ =120 (number of coffees)

25+ 3m + 40 = 340 (revenue, in $)

s—m+{=0 (m=s+1{)
1 1 11120 1 1 1 120 1 1 11120
2 3 4340 | 2ot 1 2| 100 | BEEEL 19 12100
1 —1 1] of ™™™ 1o —2 0] -120 0 0 4| 80

40 =80 = ¢ =20; m =100—40 =60; s=120—60—20 = 40. Answer: 40 small, 60 medium
and 20 large coffees.

Check in the statement: 40 + 60 + 20 = 120 coffees v'; 80 4+ 180 + 80 = 340 dollars v';
60 =40+ 20 v

Exercise B11 @EaYidEes) ++~ Balancing a chemical equation

(a) Count each kind of atom on both sides:

3a—c=0
C: 3a =, H: 8a = 2d, O: 2b=2c+d, ie. 8a—2d=0
20 —2c—d=0

A homogeneous system of 3 equations in 4 unknowns a, b, ¢, d.

(b) Coefficient matrix (columns a, b, ¢, d), with Ry <> R3, then R3 < 3R3—8R; (scale by 3 # 0,

then replace: avoids fractions):

30 -1 0 30 -1 0 30 -1 0
8 0 0 —9| B iy o g _q| feSBHsT8hL g 5 9 g
02 -2 —1 80 0 -2 00 8 —6

Three pivots: rank = 3, so 4 — 3 = 1 free variable, d = 7. Back substitution: 8¢ = 6t =
c:%t; Qb:2c+d:gt:>b:§t; 3a:c:>a:%t:

11
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(c) t =4 gives the smallest positive whole numbers: (a,b,c,d) = (1,5, 3,4):
CgHS + 502 — 3002 + 4H20

Check: C3 =3, H8 =38, O 10 =6+4 v'. The free variable means that the coefficients are
only determined up to a common factor: multiplying all of them by the same number
keeps the equation balanced.

Exercise B12 *+  Systems
(a) False. System B3(b) has 3 equations, 2 unknowns and the solution (2, 1).

(b) True. AX = 0 has only 0, so there is no free variable: rank A = 3 = n. For a given b,
either the system is inconsistent, or it is consistent with n —rank A = 0 free variables, hence
exactly one solution. In both cases: at most one.

11

(c) False. A = [1 1

]: AX = {ﬂ has infinitely many solutions (the line z + y = 1), but
AX = [ﬂ has none (z +y =1and z +y = 2).
(d) True. Row operations do not change the solutions. Each system is therefore equivalent to

the system of the common RREF, so both have the same solutions as that system.

(e) False. Swapping two columns swaps the roles of two unknowns. = = 1, y = 2 (that is

—

A =15, b = (1,2)) has the solution (1,2); after swapping the columns, A = {(1) (1)} gives
y =1, z = 2: the solution (2,1).

(f) True. If A has m rows and rank A = m: rank[A | b] < m (only m rows) and rank[A |
b] > rank A = m. So the two ranks are equal for every b: always consistent.

Part C — Both chapters

Exercise C1 x+ A matriz equation AX = B

(a) Ais3 x 3 and B is 3 x 2. For AX to be defined, X has 3 rows; for AX to be 3 x 2, it has
2 columns: X is 3 x 2.

(b) Write X = [%; X,] and B = [b; by]. Column j of AX is AX; (row i of A times column
j of X, for each 7). So

AX =B <= A%, =b, and A%, =b,:

two systems with the same coefficient matrix A. Reducing [A | by by] solves both at once
(as [A ] I'] does for A71).
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(c)
1 10]3 — 1 0] 3 —1 11 03 —1
01 1|2 of Bty 1 1] 2 of Bt 00 1 102 0
1021 2 0 -1 2[-2 3 0030 3
pein (L1 O[3 -1 11 0[3 -1
— 37 l0o 1 12 o =TS olo 1 02 —1
00 1/0 1 00 1/0 1
1 00[1 0
TR, 1o 1 02 1
00 1/0 1
1 0
X =12 —1
0 1

1+240 0-1+0 3
Check: AX = |0+240 0-1+1|=1|2 0| =BV
1+404+0 0+0+2 1 2

Exercise C2 *%  Both chapters

(a) True. rank A = 3, so A is invertible. Then AT(A™)T = (A7'A)T = [T = T and
(AHTAT = (AA YT =T: AT is invertible, with (A7)~ = (A=HT.

(b) True. Multiply AB = O on the left by A™': B=IB=A"1'AB= A"'0=0.

(c) True. rank A < 2 (only 2 rows) < 3 unknowns, so there is at least one free variable. A

homogeneous system is always consistent, so it has infinitely many solutions; giving the
free variable the value 1 gives a nonzero one.

O S e B O ) |10
(d) False. P = [1 0]. P? = [0 1] =1, but P # £I. (Another one: [O _1})

(e) False. The third equation reads 0z + Oy + 0z = b3. With b = (0,0,1) it becomes 0 = 1:
no solution. Here rank A =2 < 3 =rank[A | b].

(f) True. By (a), AT is invertible; a product of invertible matrices is invertible: (ATA)~! =
AL (AT

13
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